The general plane isosceles three-body problem is considered for different ratios of the central body mass to the masses of other bodies. The central body goes through the middle of the segment connecting the other bodies along the perpendicular to this segment. The initial conditions are chosen by two parameters: the virial ratio k and the parameter
I N T R O D U C T I O N
The three-body problem is one of the classical problems of analytical mechanics. In spite of a large number of papers on this topic, there are still many puzzles. Therefore the dynamical evolution of triple systems is of significant interest.
The character of motions in a triple system at t !^1 depends on the sign of the total energy E. Efforts to classify the motions in the general three-body problem have sometimes been made: see e.g. Chazy (1918) , Szebehely (1971 Szebehely ( , 1973 and Anosova (1988 Anosova ( , 1991 . Using these papers and some others, we suggest the following classification in the dependence on the sign of the total energy.
The following are possible in triple systems when E . 0:
(i) the passage of bodies along the hyperbolic orbits; (ii) the formation of a binary system as result of the encounter of three single bodies (capture);
(iii) the fly-by of a single body past the binary (scattering); (iv) the disruption of the binary as a result of its encounter with a single body (ionization);
(v) the exchange of components in the binary (re-charging).
The following are possible in triple systems when E , 0:
(i) the fly-by of a single body past the binary; (ii) the exchange of components in the binary;
(iii) the capture of a single body and formation of a temporary triple system, followed by its disruption (resonance scattering); (iv) the stable revolution of components; (v) a triple collision.
In (iv), we may distinguish a few subtypes: (1) a stable hierarchical triple system; (2) periodic orbits; (3) stable quasi-periodic motions; and (4) oscillating motions. Usually, one cannot define the type of motions at t !^1 in a triple system with chosen initial conditions. Therefore one can try to understand a general picture of the final motions, using an analysis of some particular cases of the three-body problem. Such a method can be justified, as in many cases the triple approaches play a decisive role in the evolution of triple systems (see e.g. Anosova & Orlov 1985; Aarseth et al. 1994 ). The triple approaches may be separated into two types (Anosova & Zavalov 1981) : a fly-by and a series of double encounters. During the 'fly-by' triple approaches, a situation similar to the isosceles three-body problem is often observed. Therefore a detailed study of orbits in the isosceles problem is of considerable interest.
In the present work, we have made such a study. The method used is described in Section 2. The results are given in Section 3. The general conclusions are summarized in Section 4, where the results are also discussed.
M E T H O D O F S T U D Y
The plane isosceles three-body problem is considered in our work.
The following choice of initial conditions is supposed: the three bodies lie on the same straight line; the central body moves vertically upwards; the outer bodies, placed at the same separations from it, may approach or diverge. Let us denote as R the separation from the central body to the centre of masses of the outer bodies, and as r the separation between the outer bodies. We choose a system of units such that the masses of bodies and the gravity constant are equal to unity; the total energy is E ¼ 21. The initial conditions are chosen by two parameters:
(ii) the ratio of velocities
where ṙ is the relative velocity of the outer bodies, and _ R . 0 is the velocity of the central body with respect to the centre of masses of the binary formed by the outer bodies.
In this work, we consider the case of equal masses and that of unequal masses too. We introduce the parameter 1: the ratio of the central body mass to the mass of one outer body (these have the same mass).
The equations of motion are as follows:
The integral of energy is
The calculations are carried out until one of three times: the time of escape of the central body [we use the criterion by Yoshida (1972) and Marchal (1974) ]; the time of ejection of this body to a large critical distance R c ; or a rather long critical time t c .
Using 
The initial separation between the outer bodies is
The initial velocities are
In order to unify the results for different 1, we have also used a dynamical system of units (see e.g. Anosova & Orlov 1985) . In this system, the length unit is the mean size of the triple system
and the time unit is the mean crossing time
Here m 1 ¼ m 2 ¼ 1 and m 3 ¼ 1 are the masses of the bodies, and E ¼ 21 is the total energy of the triple system. We have used the critical distance R c ¼ 100d and lifetime t c ¼ 1000t. When R . R c , we suppose that the escape from the triple system did actually take place under the effect of the external field; when t . t c , we suppose that the triple system did not disrupt and it may be stable (see also our discussion of the results).
Let us note that the past and future motions are symmetric with respect to the straight line m ¼ 0. The trajectories for m ¼ 0 are the same in the future and in the past.
RESULTS

Regions of possible motions
The region of possible motions in the plane (r, R) is limited by the ordinate r ¼ 0 and the zero velocity curve
This curve has the vertical asymptote r ¼ 1. Examples of these regions are shown in Fig. 1 for 1 ¼ {0:5; 1; 2}.
Kinds of trajectories
The set of initial conditions consists of two subsets:
(i) that corresponding to trajectories ending with escape or very distant ejection ðR . R c ¼ 100dÞ of the central body; and (ii) that corresponding to finite trajectories which do not escape during the time t c ¼ 1000t.
In the second subset, we find stable orbits in the vicinities of periodic ones, as well as trajectories escaping at the time t . t c ¼ 1000t.
Examples of the trajectories are shown in Figs 2 -6. The typical evolution of a system with escape is shown in Fig. 2 ejections, long ejections, and escape. Until escape, the evolution is inside a rectangle with sides ð0; 4Þ £ ð24; 4Þ.
A central periodic orbit with initial conditions k ¼ 0:418, m ¼ 0 and 1 ¼ 1 is shown in Fig. 3 . The orbit is inside the rectangle ð0; 3Þ £ ð22; 2Þ. The period is about 5t.
A finite trajectory in the vicinity of this periodic orbit (the initial conditions are k ¼ 0:5 and m ¼ 0:33Þ is shown in Fig. 4 . This orbit is within the rectangle ð0; 3Þ £ ð23; 3Þ. It fills a semi-ring. Inside the semi-ring there is a region of triangular form where four winds of the trajectory cross any point, while only two winds cross other points inside this semi-ring.
The more complicated periodic orbit is shown in Fig. 5 (the initial conditions are k ¼ 0:22, m ¼ 0:07 and 1 ¼ 1Þ. Here the period of R-oscillations is <25t, whereas that of r-oscillations is twice as short. Note that similar orbits were found at 1 ¼ 0:5 and 2. Detailed reviews of similar periodic solutions were made by Broucke (1979) and Simo & Martinez (1987) .
In addition, we have observed a few stochastic orbits with finite motions (see Fig. 6 ). In contrast to the orbits that are close to periodic, these trajectories fill the whole region limited by the zerovelocity curve and two horizontal straight lines R ¼^R max , whereas the former orbits fill tubes along the periodic orbits. Note that the stochastic orbits may escape after a longer time than t c .
Regions of escape after a definite number of triple encounters
In the regions of initial conditions (m, k) there are zones corresponding to escapes of the central body after a definite number n of triple approaches. These zones for n ¼ {1; 2; 3; 4; 5} at 1 ¼ {0:1; 1; 2} are shown in Fig. 7 . Also shown are the points corresponding to trajectories with lifetimes t . 1000t. These are finite orbits that are close to periodic, and long-lived escaping systems. The trajectories that are close to periodic orbits have initial conditions that are symmetric with respect to the straight line m ¼ 0.
The region of initial conditions corresponding to escapes after the first triple approach ðn ¼ 1Þ is a single-connected one. It corresponds to close triple approaches with large k. The lower boundary of this region depends on 1: the area of this zone decreases when 1 grows. The zones of escape after n ¼ {2; 3; 4; 5} triple encounters consist of a few subsets. Some of those are singleconnected and dock with each other, conserving the topology. Other subsets have a more complicated structure: these are systems of 'islands' or 'breaking lines'. Note that the fraction of triple systems with a small number n # 5 of triple encounters decreases with increasing 1 from 82 per cent for 1 ¼ 0:1 to 32 per cent for 1 ¼ 2 (it is equal to 57 per cent for 1 ¼ 1Þ. Let us consider the correlations between regions with different values of n and the zone of finite orbits close to periodic ones. The continuous zones with different n dock with each other in the lower part of the region of initial conditions, as well as on its perimeter except in the upper part. The values of n in the neighbouring zones differ by unity.
The zone of stable finite orbits close to the periodic one contains the above central periodic orbit with k ¼ 0:418 and m ¼ 0 at 1 ¼ 1. It 'attracts' zones of long-lived trajectories with large numbers of triple approaches. A 'breaking line' corresponding to the quasiperiodic orbits with a more complicated topology is placed under the region of stable motions at 1 ¼ 1. Their parent periodic orbit ðk ¼ 0:22, m ¼ 0:07Þ is shown in Fig. 5 . Above the region of stable motions at 1 ¼ 1, there are a few points corresponding to triple systems with a long lifetime which are apparently not close to periodic orbits. At the same time, two compact sets of points at k ¼ 0:75 and m ¼^0:25, symmetric with respect to m ¼ 0, correspond to the same stable trajectories generated by the same periodic orbit with k ¼ 0:22 and m ¼ 0:07, twice crossing the axis R ¼ 0 by the central body.
When 1 # 0:1, the zone of initial conditions corresponding to escapes after the first triple approach has the biggest area. The area of this zone decreases with the growth of 1, and its lower boundary rises; the only close triple encounters result in escape.
The regions of escape after n ¼ {2; 3; 4; 5} triple approaches lie along the perimeter of the rectangular region of initial conditions (except on its upper side) and dock with each other. The zone of n ¼ 1 and those of n ¼ {2; 3; 4; 5} are separated from each other by an intermediate region, where escapes after different numbers of triple encounters (except of n ¼ 1Þ are observed. Inside this region, elongated sets of points of the same n are placed. Here there is also a region of stable trajectories around the central periodic orbit. The area of this region does increase somewhat with 1, reaches a maximum at equal masses ð1 ¼ 1Þ, and then decreases to zero at 1 . 3.
C O N C L U S I O N S A N D D I S C U S S I O N
The following conclusions can be drawn using the results of our work.
(i) Zones of regular and stochastic motions are seen in the region of initial conditions.
(ii) The regularity zones correspond to orbits of two types: trajectories with escape after a small number of triple encounters ðn # 5Þ; and stable trajectories close to the periodic ones.
(iii) There is a significant continuous region of initial conditions corresponding to stable orbits in the vicinity of the central periodic orbit. Apparently, this region generates a stochasticity in its neighbourhood. The zones of initial conditions with n ¼ 1 and n . 1 are separated by the stochasticity zone that contains the region of stable orbits. (iv) The regular motions prevail at small masses of the central body, and the zones of stochastic and stable motions are rather small. The areas of the last zones increase with central mass. The stability region is a maximum for equal masses, and it decreases when the central mass grows further. At the same time, the stochasticity zone continues to increase, and it fills the whole region of initial conditions eventually.
The regions of long-lived stochastic trajectories are attracted to the zone of stability generated by the central periodic orbit. A similar result has been found by Hietarinta & Mikkola (1993) for the one-dimensional three-body problem. Probably the stable periodic orbits are the 'attractors' of stochastic trajectories: in the phase space of initial conditions, the points corresponding to the finite quasi-periodic trajectories are arranged in the neighbourhood Figure 7 . The regions of initial conditions (m, k ) corresponding to the trajectories when the central body escapes after n 'fly-bys' for different 1. The bottom row of panels correspond to long-lived trajectories with t . 1000t. of stable periodic orbits, whereas the sets of points corresponding to the long-lived trajectories are located around those. The result of evolution in the zones with large lifetime is extremely sensitive to small changes of the initial conditions, therefore the behaviour of the set of trajectories with similar initial conditions has a stochastic character.
